The near-wall conductivity theory outlined by Morozov in 1968 constitutes one of the most prominent outcome of the early investigations of Hall thrusters, which describes the cross-field electron diffusion mechanism induced by electron-wall collisions. The present work generalizes the near-wall conductivity theory to the case of a non-zero sheath potential at the walls. The general solution is found to differ qualitatively from the no-sheath solution of the classical theory, and puts into question the hypothesis that the so-called near-wall currents are confined to the close vicinity of the walls.
INTRODUCTION
The main principles governing near-wall conductivity were exposed in 1968 by Morozov, 1 in an attempt to explain the large cross-field currents observed in Hall thrusters. Even though some extensions of this theory 2, 3 have been said to rely on somewhat speculative assumptions, the kinetic formalism proposed to approach this problem remains indisputably a sound and elegant one.
Near-wall conductivity can be in principle associated with any wall interaction process that nullifies the mean momentum of re-emitted electrons. In practice, though, two main contending scattering processes were identified:
1. electron reflection on an irregular sheath 4 (e.g. sheath following an irregular wall), 2. electron secondary emission or backscattering due to direct impact on the walls.
The second mechanism has received much more attention in recent years, [5] [6] [7] and is believed by the authors to be a major cause of enhanced conductivity at high discharge voltages.
8, 9
The classical near-wall conductivity law 1 does not cope well, however, with direct wall impact scattering because it neglects the acceleration within the sheath, expected to reduce the effect of electron thermalization.
The following generalization of classical near-wall conductivity aims thus at integrating the effect of electron acceleration through the sheath, and offers a discussion of its impact on the validity of the near-wall conductivity approximation commonly used by fluid and hybrid models of Hall thruster discharges. An erratum regarding the formula of current profile given in Ref. 1 is also proposed in the course of this study.
NEAR-WALL CURRENT EXPRESSION

Phenomenology
Near-wall conductivity is a consequence of the scattering of electrons at the walls, i.e. of the emission of electrons in random direction after, for instance, secondary electron emission. If scattering occurs, the mean velocity of electrons leaving the walls is statistically null in the direction parallel to the walls and electrons move thus preferentially against E due to the electrostatic force, which results on the average in a net displacement of the cycloidal guiding center. (1) with v y > 0 , where J + ey is the current density of electrons leaving the walls.
Taking into account that the cyclotron radius is much larger than the sheath thickness, the cyclotron phase shift within the sheath is neglected and the velocity vector v at the sheath edge (identified by the subscript 0) is obtained by transforming the initial velocity vector v * according to:
Due to the current conservation along the y direction, the distribution function f + 0 at the sheath edge obeys
which actually reduces to
After substitution of v * by v, on finally gets:
with v y > 2eΦ s m e .
Consistently with assumption 2, v y remains constant beyond the sheath edge where the time increment and position become simply related by y = v y ∆t. Using the classical equations of motion in E × B fields, the velocity vector at an arbitrary position y beyond the sheath edge is given by
where ω ce is the electron cyclotron frequency.
It can be shown as above that the conservation of current along y results in f + (v, y) = f + 0 (v 0 ), which lets us write the axial electron current induced by emitted electrons as
Since the distribution f + 0 (v) is even in v x and v z , the former expression simplifies into
where
2κT we sin ω ce y v y dv y .
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ANALYTICAL STUDY
Preliminary notes
Let us now discuss the asymptotic behavior of the nearwall current for y → 0 and y → ∞, via the study of function F to which the near-wall current is proportional.
With this perspective, we shall consider the function
where the dimensionless counterparts of y and Φ s are given by
The case Φ s = 0 was examined in Ref. 1 and the asymptotic behavior of F obtained via the study of the following differential equation:
which can be deduced from the definition of F . This method presents however several drawbacks, namely:
(i) the solutions are at best given with an undetermined constant factor
(ii) the rigorous derivation of an approximate solution for y → ∞ is non-obvious (iii) the choice of the proper root of this third order differential equation requires additional justifications For this reason, pure integration methods have been preferred to derive the results presented below.
Asymptotic behavior for y → 0
It is convenient to split the integration path into [0, − y ln y) [− y ln y, ∞) so that in the limit y → 0, F can be approximated as
Evaluating each term, one gets
where Ci is the cosine integral function and Ei the exponential integral function.
Remembering that Ei (a)
∼ ln |a| and retaining only the dominant term in the relationship above, the asymptotic behavior becomes
Case Φ s > 0
The function F can be readily approximated for y → 0 by
or, alternatively
Asymptotic behavior for y → ∞
Starting from
and substituting variables y and u by
; α ≡ u y
we are led to study the function:
The behavior of F * in the limit λ → ∞ can be determined with the saddle point method. The saddle points of the function S (α) = −α 2 + j/α are . The asymptotic behavior of F * is in such a case given by
(24)
Reverting to the original variables, one gets
(25) which can be simplified as follows:
These results extend those of the literature to the case Φ s > 0. Additionally, the integration constants are fully determined and an error in the formula of Ref. 1 is hopefully corrected [equation (26) was initially weighted with an extra factor y].
INFLUENCE OF THE SHEATH
The numerical profiles of the near wall current J + ez from equation (12) are given on Fig. 2 for different values of Φ s , keeping other parameters fixed. It must be emphasized that this currents accounts only for the contribution of a single wall. Furthermore, the influence of the mean axial current induced by incoming electrons on the walls is postponed to the next section.
These profiles can be interpreted as follows: electrons initially tend to move against E due to the electrostatic force, but become as soon involved in a cycloidal motion due to the magnetic field and their axial velocity v z thus changes along the y axis as sin (ω ce y/v y ).
Due to the randomness of the velocities v y , the phases Ψ = ω ce y/v y of the different electrons become uncorrelated away from the walls and their respective contributions to the mean axial velocity eventually cancel. When the sheath potential is larger than the velocity dispersion, however, the distribution of velocities v y becomes confined close to v y = 2eΦ s /m e which results in a better correlation of the phases, even relatively far from the wall.
The profiles of Fig. 2 illustrate the following elements of the predicted asymptotic behavior of J + ez :
• for Φ s = 0, the decay of near-wall current away from the wall is roughly exponential [see equation (26)],
• for Φ s > 0, the spatial period is proportional to Φ s /κT we and the amplitude of the near wall current is characterized by a decay in 1/y for large y [see equation (27) ].
The near-wall current theory draws its name from the localized distribution of wall-induced current suggested by the study of the case Φ s = 0.
1
In the view of the results shown on Fig. 2 , however, the exponential decay of near-wall current away from the wall appear rather as an artifact of the hypothesis Φ s = 0, since in more realistic situations where eΦ s is equal to several times κT we , the extend of the wall-induced current structure can be very significant. This objection can be supported by a simple estimate of the typical extend of the near-wall current in the high magnetic field region (where wall conductivity is presumably the highest). We shall assume to this effect that B = 15 mT and Φ s = 40 V. Under such assumptions, equation (27) raises a spatial "wavelength" of the oscillatory structure equal to 9 mm, hence comparable with the distance between the inner and outer walls of a SPT devices. Remembering about the slow decay of wallinduced current when Φ s > 0, this implies that the wall-induced current reaches the opposite wall much before it is significantly damped. 
INTERACTIONS BETWEEN WALLS
In Ref. 1, the exponential decay of the near-wall current obtained under the hypothesis Φ s = 0 was used to justify the neglect of the mean axial current due to electrons coming from the opposite wall. As we have shown above, this hypothesis is questionable in the more realistic case where a sheath accelerates electrons emitted by the walls. The main implication of this observation is that the global wall-induced current could actually strongly dependent upon the distance between walls.
Assuming for now that there are no interactions between walls and that the plasma is axially uniform, the total wall-induced current across the section per unit of transverse (z) length is given by
which means in substance that the average axial displacement of electrons after an impact with the wall is equal to the cyclotron radius r ce = E/ (ω ce B). Note that this expression is similar to the approximation of the simple Ohm's law in a uniform plasma . However, if the walls are close enough and have the same sheath potential, the value above should be either decreased or increased depending on the average
This underlines a limit of the near-wall conductivity theory: because of the cyclotron motion, an electron colliding at axial position z 0 contributes to the total current at different axial locations z = z 0 as it moves along y; the near-wall conductivity theory is thus strictly valid only for a plasma uniform in z, hence the absence of pressure gradient in equation (28).
phase of electrons when they are absorbed by the opposite wall. One may resort to the integration technique used in section 3.3 to obtain an asymptotic relationship for the total current contributed by each wall when the distance between walls is equal to l:
where l = l ω ce m e 2κT we .
The usefulness of this approximation is however limited, since the distance between the walls is often comparable with the spatial period of the wall-induced current, in which case the asymptotic approximation is not well justified. It illustrates nevertheless qualitatively the sinusoidal dependence of the wall current on the distance between the walls. The exact profile of I + ez as a function of the distance between the walls is depicted on Fig. 3 for the case B = 15 mT and Φ s = 40 V, assuming either T we = 5 eV or T we = 10 eV.
These results suggest that the total wall-induced current may actually vary from a negligible value to almost twice the value predicted by equation (28), depending on the exact distance between walls. κT we =5 eV κT we =10 eV FIGURE 3: Cross-field current contribution from each wall as a function of the distance between the walls, assuming B = 15 mT and Φs = 40 V.
CONCLUSION
The outcome of this study suggests that the so-called near-wall current might actually exhibit a wide oscillatory structure whose extend is comparable with the distance between the walls. These findings could thus challenge the validity of the classical formulation of Ohm's law that has been used in every fluid and hybrid model of Hall thruster until now. Ohm's law could be theoretically modified to account for the distance between walls, but such a correction seems difficult to apply in practice: the correction proposed in the present study has a merely qualitative character due to the assumption of a planar geometry, and its extension to an axisymmetric geometry would involve non-trivial effects, such as magnetic mirrors, different sheath potential on the inner and outer walls, etc. Moreover, the actual current profiles strongly depend on T we whose value is not well known.
It is probable, however, that the global effect of the distance between walls is mitigated by magnetic field gradients and by temporal or spatial variations of the electron temperature in the plasma. Indeed, given that the sheath potential is a function of the electron temperature and since the spatial periodicity of the wallinduced current is proportional to ω ce / √ Φ s , temperature or magnetic field variations should result in a modulation of the spatial "wavelength", which will tend to bring the time-averaged or space-averaged current closer to the value predicted by the classical Ohm's law.
